Introduction
The idea of an amalgam can be viewed as a Sudoku game inside a group. Given a set of subgroups and their intersections one needs to decide what the largest group containing such a structure can be. This approach is very useful for example in the classification of finite simple groups. More precisely, induction and local analysis provide a set of subgroups of the minimal counter-example and then amalgam results such as the Curtis-Tits and Phan theorems show that the group is known after all.
Recently Curtis-Tits-Phan theory has seen a lot of activity. Similar results have been obtained for other finite groups of Lie type and more generally some subgroups of Kac-Moody groups (see [2] , [10] for details). All of these results are similar in nature and prove that a certain group is the universal completion of a rank two amalgam of its subgroups.
This leaves open the question of whether just the structure of the subgroups involved determines the group. Most approaches to this problem use induction together with a lemma by Goldschmidt (see Corollary 2.14) that describes the isomorphism classes of amalgams of two groups in terms of double coset enumeration. Our results will generalize this result.
In a recent work [4] we used Bass-Serre theory of graphs of groups to classify all possible amalgams of Curtis-Tits type with a given diagram. This note describes the method for general rank two amalgams.
In the classical Bass-Serre theory the focus is on realizing a group acting on a tree as the fundamental group of the quotient graph of groups. In our approach the graph of groups is built of certain automorphism groups of the groups in the amalgam and serves as a kind of moduli space of the category of amalgams of the same type. More precisely, we start with a fixed amalgam A 0 over a given diagramG G. The automor-phism groups of the vertex and edge groups of A 0 determine a graph of groups C 0 in the sense of Bass and Serre over the same diagramG G. Any amalgam of type A 0 , that is, involving the same vertex and edge groups, corresponds to what we call a pointing of C 0 , that is a selection of elements of the vertex groups of C 0 with certain properties. Theorem 1 asserts that this correspondence preserves the natural notion of isomorphism for both amalgams and pointings. We apply this correspondence to give an alternative proof of Goldschmidt's lemma and to give a combinatorial classification of amalgams with triangular diagram. Moreover, under certain restrictions it is now possible to classify those pointings, and hence the amalgams, using subgroups of the fundamental group of C 0 naturally isomorphic to the fundamental group ofG G.
Amalgams and graphs of groups
In this paper we fix a graph G ¼ ðI ; EÞ with vertex set I and edge set E, where multiple edges and loops are permitted.
Definition 2.1. An amalgam over the graph G ¼ ðI ; EÞ is a collection
where G i and G e are groups and, for each pair ði; eÞ such that the vertex i lies on the edge e, we have a monomorphism j i; e : G i ,! G e , called an inclusion map. A completion of A is a group G together with a collection f ¼ ff e ; f i j i A I ; e A Eg of homomorphisms f e : G e ! G, f i : G i ! G such that for any i A e we have f e j i; e ¼ f i . For simplicity we shall write G i; e ¼ j e ðG i Þ c G e . The amalgam A is non-collapsing if it has a non-trivial completion. A completion ðĜ G;f fÞ is called universal if for any completion ðG; fÞ there is a (necessarily unique) surjective group homomorphism
Following [1] , [12] we define a directed graphG G ¼ ðI ;Ẽ EÞ where for each edge e A E we introduce directed edges e and e inẼ E. We denote by d 0 ðeÞ the starting node of the oriented edge e and by d 1 ðeÞ the end vertex of e. The aim of this note is to describe the isomorphism classes of all amalgams that have the same type as A 0 . For the rest of the paper, A 0 will be a fixed amalgam overG G ¼ ðI ;Ẽ EÞ. We shall therefore simply write A 0 ¼ fG i ; G e ; c e g, tacitly understanding that G i is taken over all i A I , that G e , is taken over all e A E, and c e is taken over all edges e AẼ E and adopt a similar shorthand for amalgams A of type A 0 .
Example 2.4. Consider a triangleG G ¼ ðf1; 2; 3g,Ẽ E ¼ fði; jÞ j 1 c i 0 j c 3gÞ. Define a family of amalgams of the same type in which G i is a copy of S 3 G SL 2 ð2Þ for each i A I , and G e is a copy of SL 3 ð2Þ for each e AẼ E, such that
and G iþ1; ði; iþ1Þ
:
Throughout the paper we shall use this example to illustrate the techniques as we develop them. Eventually, we will classify all amalgams of this type. Examples of such amalgams are described in [4] and [5] . One arises inside SL 3 ðF 2 ½t; t À1 Þ, the other arises in a unitary group inside of SL 6 ðF 2 ½t; t À1 Þ. The methods used in [4] are not applicable to these amalgams because the diagram is a triangle and the field is too small. Definition 2.5. A graph of groups is a pair ðC;G GÞ whereG G is a graph as above and C associates to each i A I a group A i and to each directed edge e AẼ E a group A e ¼ A e . Moreover, for each vertex i with d 0 ðeÞ ¼ i we have a homomorphism a e : A e ! A i .
Since we shall work with a fixed graphG G ¼ ðI ;Ẽ EÞ, if we want to specify the groups of ðC;G GÞ we shall write C ¼ fA i ; A e ; a e g rather than C ¼ fA i ; A e ; a e j i A I ; e AẼ Eg. Proof. In the definition of an inner morphism let all f i and f e be the identity maps and let d e be as defined in Definition 2.8. This defines an inner isomorphism of graphs of groups. r We will say that fm e ; m i j i A I ; e AẼ Eg induces the isomorphism.
Note that any choice of m e A A e and m i A A i gives rise to an inner isomorphism of ðC 0 ;G GÞ. Hence Condition (2.1) is the only condition to be checked when checking whether such a collection induces an isomorphism of pointings. are in the same A 1 , A 2 double coset. r Triangle graphs. We now treat the special case whereG G is a triangle. This seems arbitrary but it is a very common example. For instance, the amalgam of maximal parabolics in a group acting on a rank three geometry has a triangle as its diagram. To fix notation, let I ¼ f1; 2; 3g and E ¼ ff1; 2g; f2; 3g; f3; 1gg, so we have three edge groups A i; iþ1 and three vertex groups A i (in the rest of the section we will abuse the notations and consider the indices modulo 3) and the respective a i; iþ1 : A i; iþ1 ! A i and a iþ1; i : A i; iþ1 ! A iþ1 . Definition 2.15. We call a pointing ððC;G GÞ; fd i; iþ1 ; d iþ1; i j i ¼ 1; 2; 3gÞ normalized if d i; iþ1 ¼ 1 for all i ¼ 1; 2; 3. Eliminating the maps m i from these equations shows that the existence of the set fm i; iþ1 ¼ m iþ1; i ; m i j i ¼ 1; 2; 3g is equivalent to the existence of a set 
3; 1 Þ for some ðh 1 ; h 2 ; h 3 Þ A H. r Example 2.18. Continuing the example from Example 2.13, we describe the above procedure. In this case A ¼ S 3 Â S 3 Â S 3 and H G Z 2 Â Z 2 Â Z 2 . As seen in Example 2.13, the graph of groups is unique, so long as the a e are all injective. Therefore we can choose the images of all a e to equal the subgroup of S 3 generated by the transposition ð1; 2Þ. Identifying H with the subgroup of A generated by the a e images, the action of H then becomes:
The orbit of a A A has length 8 unless a A H in which case it has length 4. This means that there are 8 orbits of length 4 and the remaining pointings are partitioned into 23 orbits of length 8. By Corollary 2.17, there are exactly 31 pairwise non-isomorphic amalgams of the type introduced in Example 2.4.
The fundamental group
In this section we sketch a much stronger method for classifying amalgams whose graph of groups is special in the sense described below. This generalizes the method introduced in [4] .
Definition 3.1. In the notation developed in Section 2, we say that the graph of groups ðC;G GÞ is rigid if the following condition is satisfied.
(Ri) For any edge e, there exists a subgroupÃ A e c A e ¼ Aut G e ðG d 0 ðeÞ ; G d 1 ðeÞ Þ so that a e jÃ A e and a e jÃ A e are bijections onto the vertex groups.
We then setC C 0 ¼ fA i ;Ã A e ; a e g. We call the amalgam A rigid if the graph of groups associated to it as in Theorem 1 is rigid.
Theorem 2.
If the amalgam A 0 is rigid then there is a 1-1 correspondence between isomorphism classes of amalgams of type A 0 and isomorphism classes of pointings ofC C 0 .
Proof. In view of Theorem 1, we must show that there is a 1-1 correspondence between isomorphism classes of pointings ððC;G GÞ; dÞ of C 0 and pointings ððC C;G GÞ; dÞ of C C 0 . The two graphs of groups are described by the same amalgam type and we will consider the map ððC;G GÞ; dÞ 7 ! ððC C;G GÞ; dÞ that preserves the set d. Of course if two pointings ofC C 0 are isomorphic then the corresponding pointings of C 0 are, using the same elements ofÃ A e c A e . The converse is also true. Indeed, if fa e ; a i j i A I ; e AẼ Eg defines an isomorphism between two pointings of C 0 , then for each e we can pickã a e AÃ A e so that a e ða e Þ ¼ a e ðã a e Þ. The system fã a e ; a i j i A I ; e AẼ Eg induces an isomorphism between the corresponding pointings ofC C 0 . r From this point onwards we shall make the even stronger assumption that all maps a e are isomorphisms. In particular, C 0 is a graph of groups in the more restricted sense of [1] and so we can use Definitions 3.2 and 3.3 introduced there.
Definition 3.2. For a given graph of groups ðC;G GÞ we define the path group as follows
where F ðẼ EÞ is the free group on the setẼ E, Ã denotes free product and R is the following set of relations:
for any e ¼ ði; jÞ AẼ E; a A A e ; ee ¼ id and e Á a e ðaÞ Á e ¼ a e ðaÞ: Definition 3.3. Given a graph of groups ðC;G GÞ, a path of length n in C is a sequence a 1 e 1 a 2 . . . e n a n where e 1 ; . . . ; e n are edges inG G with d 0 ðe k Þ ¼ i k and a k A A i k . The sequence e 1 ; . . . ; e n is called an edge path. A path is reduced if it has no returns (i.e. e iþ1 0 e i ). This defines an element of pðCÞ by setting jgj ¼ a 1 e 1 a 2 . . . e n a n . We write p½i; j ¼ fjgj j g a path on C from i to jg and pðC; iÞ ¼ p½i; i. Concatenation induces a group operation on pðC; iÞ and we call this group the fundamental group of C with base point i.
Definition 3.4. If ððC;G GÞ; dÞ is a pointing of the graph of groups ðC 0 ;G GÞ then any edge path g ¼ e 1 . . . e n inG G gives rise to a path in C via
Fixing a base point a, the map g 7 ! jg d j restricts to a monomorphism Recall that we must find a collection fm i ; m i; j j i; j A I ; ði; jÞ AẼ Eg satisfying the conditions (3.2), for each ði; jÞ AẼ E. Now to compute m j for some j A I we consider a path g ¼ e 1 ; e 2 ; . . . ; e n where e k ¼ ði kÀ1 ; i k Þ for k ¼ 1; . . . ; n and i n ¼ j. Now a choice of m i 0 uniquely determines the values of m i k and m i kÀ1 ; i k , for k ¼ 1; . . . ; n, via the conditions (3.2). Note that this uses the requirement that a i; j is bijective for every ði; jÞ AẼ E. Without loss of generality we fix m i 0 ¼ 1. We claim that the value of m j computed in this way does not depend on the choice of g.
To prove the claim we need to show that if g is a closed path and we set j ¼ i 0 , then we will find m j ¼ 1 as well. Note that g is not necessarily simple so that some vertices and edges might be repeated. We ignore this and compute the m i k and m i kÀ1 ; i k as if they are all distinct. 
À1
e ðD e Þ. Let us consider a non-collapsing amalgam A ¼ fG i ; G e ; j e g of type A 0 with graphG G. In [3] , [4] , [7] it is shown that the fact thatG G has no triangles forces the amalgam to have the following property:
(D1) for any two edges e, f such that d 0 ðeÞ ¼ d 0 ð f Þ we have j
e ðD e Þ ¼ j À1 f ðD f Þ. In [11] the failure of property (D1) is used to show that any amalgam of mixed PhanCurtis-Tits type over a graph without triangles collapses.
As a consequence of (D1) one can show that A is isomorphic to an amalgam with the following property:
e ðD e Þ for all e AẼ E. Thus, in order to classify amalgams of type A 0 we can restrict to those with properties (D1) and (D2). We can then also write D d 0 ðeÞ ¼ D e , for all e AẼ E, without ambiguity.
For any e AẼ E we now have d Hence by Theorem 1, isomorphism classes of such amalgams are in bijection with pointings of the graph of groups ðC 0 ;G GÞ ¼ fA i ; A e ; a e g, where A e is as before, but A i ¼ Aut G i ðD i Þ. In the cases of [11] this graph of groups is in fact rigid.
